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Abstract

In this work, we study the exponential stability of the stationary distribution of a McKean-Vlasov equa-
tion, of nonlinear hyperbolic type which was recently derived in [1,2]. We complement the convergence
result proved in [2] using tools from dynamical systems theory. Our proof relies on two principal arguments
in addition to a Picard-like iteration method. First, the linearized semigroup is positive which allows to
precisely pinpoint the spectrum of the infinitesimal generator. Second, we use a time rescaling argument to
transform the original quasilinear equation into another one for which the nonlinear flow is differentiable.
Interestingly, this convergence result can be interpreted as the existence of a locally exponentially attracting
center manifold for a hyperbolic equation.
© 2020 Published by Elsevier Inc.
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1. Introduction
1.1. Problem and strategy

In [1,2], the authors derived mean-field equations for a network of excitatory spiking neurons
in the limit of a large number of neurons (see also [3]). It is based on a recently published model
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of simple neural network [1] in which the spiking dynamics of the individual neurons is modeled
with a jump process rather than with threshold crossing [4] or blow up of the membrane potential
[5]. The distribution x — g(¢, x) of the membrane potential of the limiting mean-field process
solves:

%g(l’x) = / (f ) +2v)g(r, v)dv | deg(t, ) + [ = f(N)]g(t,x), x>0
0
_ Jo" I8
fooo (f (w) + Av) g(t, v)dv
g(0,) e LL(Ry)

8(t,0)

where f, is the rate function which is positive on R . In addition to the derivation of the mean-
field equations, the authors of [2] computed an analytical formula for the stationary distribution
of the equations. In the case A = 0, they were able to prove that

t—
lg(t) — goollit =0

where g is the unique stationary distribution of the system, note that it has a density. The above
limit holds for regular enough initial conditions. In the case where f(x) > cx§ forall x € [0, 1]
with ¢ > 0, § > 1, they showed that the above convergence is O ((1 + t)_l/s).

The main focus of the present work is the case A = 0. Indeed, in [6], we provided numerical
evidences for oscillatory patterns when A > O thereby suggesting that the above convergence
result is not true for all A > 0. The advantage of the case A = 0 is that it removes the pre-factor
Ax which allows to use a time rescaling to avoid studying a quasilinear equation [7] and to build a
differentiable nonlinear semigroup of solutions after a convenient cutoff. Finally, it also removes
the boundary condition. The equation thus reads:

dg(t,x)=— ([ f()g(t,v)dv) deg(t,x) — f(x)g(t,x), x,1>0
g, 0)=1, (1
g(0,)=goe LL(Ry).

Our aim here is to revisit the convergence to the stationary distribution from a dynamical systems
point of view in order to prove that the convergence is locally exponential in time.

Note that there is a one dimensional family of stationary solutions (gy)y~0 and only one of
them, g, is a stationary distribution i.e. with integral equal to one. This family is given by:

1 X o
8u(x) =€xp ——ff ,ffga=a>0- 2
0

o
0

The existence of this family implies that zero is in the spectrum of the linearized equation: the
principle of linearized stability does not apply. There are several strategies to prove the nonlinear
stability of g, apart from entropy methods [8] which we have not looked at.

The first relies on the local attractiveness of a center manifold composed of the family
(ga)a>0- Indeed, the analysis of the spectrum shows that the center manifold should be one
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dimensional. To prove nonlinear stability, one would need to prove that the center manifold is
locally attracting [9,10]. Unfortunately, it is difficult to achieve such program as it relies heavily
on the fact that the linear flow is regularizing, which in the case of transport equations, requires
to use regular initial conditions. The second strategy, which we shall rely on, starts with the ob-
servation that the flow of (1) conserves the mass. Hence, the nonlinear flow is foliated by the
linear form g — fooo g. The dynamics on each hyperplane possesses a unique equilibrium which
is now hyperbolic. Thus, one can hope proving nonlinear stability by simpler means in this case.
A third strategy, which is similar to the one used in [11], is to study the integral equation (see
[2]) satisfied by a(t) = fooo f(v)g(t, v)dv, this equation is akin to a Volterra one. The advantage
lies in a simpler phase space but the zero eigenvalue still belongs to the spectrum.

Using the second idea, we prove the existence of an exponentially attracting center manifold
which is transverse to the hyperplanes associated with the linear form g — f0°° g. This is notice-
able as such general result is not known for transport equations and for quasilinear equations. It
is for example well known for delay differential equations [12—15] which are a kind of transport
equation with a nonlinear boundary condition.

1.2. Link to previous work

The type of equations considered here is well studied in the population dynamics literature
[11,16-18,8] but a complete analogy with (1) would require to introduce unbounded birth / death
rates of the species which is less studied for modeling reasons. Another noticeable difference lies
in the fact that the equations are considered on a non compact domain here. In the neuroscience
community, these equations stems from a recent surge to put on rigorous grounds [19-21] mean-
field of networks of spiking neurons and more precisely of integrate-and-fire neurons [22,23].
However, this last mean-field equation exhibits blow up unlike the one that we study here because
the spiking mechanism of individual neurons is based, here, on a jump process instead of thresh-
old crossing. Additionally, the mean-field of spiking neurons modeled after Hawkes processes
have been recently investigated [24—27]: the proof of the convergence of the particle system is
simpler. The mean-field equation in this case (see also [28]) is a nonlinear age-structured equa-
tion akin to the one mentioned above in the population dynamics context. It has been recently
studied from a dynamical systems point of view [29,30].

1.3. Plan of the paper and main result statement

In the next section, we precisely state our main results. In section 3, we first study the lin-
earized equation around a stationary point g, in the space L'(R.) and prove that the solution
of the linear equation converges exponentially fast to zero. Then, in section 4, we study the non-
linear equation after explaining the difficulties we must face. We perform a time rescaling and a
cut-off to induce a differentiable nonlinear semigroup of solutions but not for the PDE (1). We
then use a variant of Picard theorem to prove nonlinear stability for the rescaled equation. Finally,
we conclude with the main result in section 4.5 concerning with the local exponential stability
of the stationary solution g, by using results about the rescaled semigroup. For convenience, we
re-state this result just below. In section 5, we discuss the limitations of our method.

Most of our results rely on norm estimates in Sobolev spaces which are technical but straight-
forward once a few facts are known about the rate function f. These computations are mostly
done in the appendices.

811



A. Drogoul and R. Veltz Journal of Differential Equations 270 (2021) 809-842

Theorem 1.1. Grant Assumptions | and 2. The distribution g« is locally exponentially stable
for the flow of (1) in X, that is for all € > 0 small enough, there is a neighborhood V. C {¢ €

L'(Ry), ¢" € L'(Ry), f¢' € L'Ry), f2¢p € L'(Ry), $(0)=¢'(0) =0, [ ¢ =0} such that
3Ce =1 g0 € goo+ Ve, Y1 20 (1) = goollLr < 18(1) — gosllpp < Cee A g0

where the spectral bound is know to be negative: s(A|) < 0.

2. Notations and assumptions

Whenever possible, we shall write C<, = {z € C | %z < a} and similarly for C-... We use
the notation f < g when there exists a constant C > 0 independent of the parameters of interest
such that f < Cg.

We denote by L' (R, d 1) the space of integrable functions from R to C for the measure 1,
we then define X = L' (R, dl) where [ is the Lebesgue measure. We further denote by LL(R+)

the subspace of non-negative functions and by X = {¢ eX | fooo ¢ = O} the subspace of func-

tions of zero integral. We also define the two following linear forms respectively on L' ( £ (x)dx)
and X:

a(¢)=7f¢, 1(¢)=7¢-
0 0

We write H the Heaviside function H (x) = 1 if x > 0 and O otherwise.
For a linear operator A € L(X,)), we write ker(A) its kernel and Ran(A) its range. The
resolvent operator R(u, A) of a closed operator A is R(i, A) = (uId — A)~! for  in the resol-

vent set p(A) of A. Finally, we write ¥(A) the spectrum of A and s(A) e sup{Rr : L € Z(A)}
the spectral bound. For a family of bounded operators (T(¢));>0, we write the growth bound

wo(T) L inflw e R : 3M,, > 1 such that | T()l|zx) < Mye®, ¥t > 0}. The multiplication
operator is written My : ¢ — f¢. When (Y, || - ||ly) is a Banach space, / C R an interval and
¢ e CO(I, Y), we write the sup-norm on ) as ||¢||Co(,yy) = sup,¢; ¢ (t, -) ||y The shorter nota-
tion [|@]l co can be used if the interval I and the Banach space ) are clearly determined. Keeping
the same notations, we write Cg([s, 00), )) the Banach space of continuous functions bounded
on [s, 0o0) with respect to the sup-norm on ).

We introduce a notation concerning the notion of Sobolev space [31] which is used all along
in this paper. For a closed operator C on the domains D(C") and A € p(C), we introduce the

norms || - ln.c 2 1G1d — ©)" - || and call Y§ < ¥, Y€ (D). || - lln.c) the Sobolev
space of order n associated with C. Note that for each fixed n € N, all the norms | - ||,,,c,» are

equivalent for A € p(C) and are therefore written || - ||,,.c if no confusion is possible.
Following [2], we make the following assumptions concerning the rate function f:

Assumption 1. f is convex increasing, f(0) =0, f(x) > 0 forall x > 0, limy, f =00 and f €
) + 3]
fx) f(x)

C?%(R..). Further assume that sup < 00.
x>1

Assumption 2. f is such that f/(0) =0.
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From [2], this implies the following properties:
Remark 1. Grant Assumption 1, we have the following properties:

(i) There is ¢ > 0 such that f(x) > cx for all x > 1.

(ii) Forall A > 0, there is C4 > 0 such thatforall x >0, f(x + A) < Ca(1 + f(x)).
(iii)) There is C > 0 such that f(x) < Cexp(Cx) for all x > 0.
(iv) f is super additive that is: for all (x, y) € R2, fx+y)=fx)+ fO).

3. Linear analysis

Let us consider the unique (see [2] for a proof) stationary point g, of the family (gy)w>0
. . def .
such that fooo g0 = | and define the stationary firing rate as & f0°° f8co- We obtain goo(x) =
exp (—é fox f). If we write g(¢, x) = goo(x) + ¢ (¢, x), we find at first order in ¢:

WP (t,x) + acodxp(t, x) + f ()P, x) = —a(@) g, (x), x,t>0 3)
¢(t,0)=0.
We define the following unbounded linear operators on X’:
Ao = —accd’ — f§, D(A)) ={p e X, ¢’ € X, fpeX, $(0)=0}, “
Bp=—a($)gs,. D(B)=L'(f(x)dx), )
A=Ag+B, D(A)=D(Ay), (6)

which allows us to write (3) as ¢ = A¢.
3.1. Semigroup of solutions

We solve the linear equation (3) based on fairly standard tools from Cp—semigroup theory
[31]. What is noticeable in the following proposition is that the linearized equation generates
a positive Cp—semigroup. We know [1,2] that the nonlinear semigroup of solutions of (1) is
positive because it yields the law of a stochastic process. Intuitively, one can think of the linear
semigroup, built in the following proposition, as the differential of the nonlinear one. Hence, we
do not expect it to be positive.

Proposition 3.1. Grant Assumption 1. Let us consider the semigroup (To(t));=0 on X given by
the formula

X

1
(To(1)¢)(x) = exp - / f o —acct)H(x — dcot). (N
X—dool

Then, we have the following properties:
1. (To(#));>0 is a positive contraction C O_semigroup on X,
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2. its infinitesimal generator is given by (Ag, D(Ay)),
3. the growth bound of (To(t)),>¢ is wo = —00, hence L(Ag) =1,
4. (A, D(A)) generates a positive CY-continuous semigroup (T(t));>0 on X.

Proof.

1. The semigroup / positivity properties are clear. By definition

o0 1 X
Moo= [ew( - [ r |60 annidx <1l
Aol X—deot

This shows that To(¢) is a contraction on X'. We now show the strong continuity (with
aso = 1 for simplicity), V¢ € X', Vi > 0:

X+t

[e¢] t
||To(t)¢>—¢||x§/|eXp —/f ¢(X)—¢>(x+t)|dX+/|¢(X)|dx
0 0

X

00 00 x+t t
§/|¢(X)—¢(X+t)|dX+/ I—exp| — / f |¢(X)|dX+/I¢(X)IdX-
0 0 X 0

The last two integrals tend to zero when t — 07 by Lebesgue’s dominated convergence
theorem. Hence, we focus on the first integral which is linked to the strong continuity for
the right translation semigroup. Let us repeat the argument. For ¢ continuous with compact
support, ¢ is uniformly continuous which implies that ||¢ (- + 1) — ¢ || — 0. Let us denote
by K a compact which contains the support of ¢ (- +¢) — ¢ for ¢ € [0, 1]. One then obtains
that ||¢(-+1) — |y <I(K) l¢p(-+1) —dlloc — 0 as t — 0. We finally conclude that
the first integral tends to zero for ¢ € X' by density in X of the continuous functions with
compact support.

2. We start by showing that nId — Ay is injective for u € C. Let us consider ¥ € ker (uld — Ay).

Then for any xo > 0, one finds v (x) = exp (—t f;;(f +,u)> ¥ (xp). From v (0) = 0,
one gets that ¥ = 0 and pld — Ag is injective. We now show that wld — Ag is surjec-
tive for My > 0. For all ¢ € X, as Ty is a contraction Co-semigroup, we can define

Y= fooo e MTy(t)¢ dr for R > 0. From (7), we find the following expression

X
 gool0) [ e 3(y)
ehx/aco 0 8oo(y) aco

¥ (x)

It follows that v € WILC(RJF) and ¥ (0) = 0. Using Fubini theorem, we find that for all
Ru>0:
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aso Il f Il < / dxdy 1(y = x) £ (r) 5220 /s g )

8oo ()
R}
=/dy|¢(y)| /f(x)g“’—me*ﬂw(xfy)/amdx
0 . 8oo(y)

[e¢]

/dy|¢(y)| /f( )gOO( i Sdaoo@llx- (8)

0

oo
For the last equality, we used that f}oo f(x)gwg;dx = [—aoo exp (—aL N f)] < do.
Sl y

This implies that fir € X'. From the expression of i, we get:

ac¥'=—fY+¢—ppeX

which implies that ¥' € X. We have shown that 1 € D(Ag) and (uId — Ag)y = ¢ namely
that puld — Ag is surjective for 9t > 0. Therefore, we have shown that V¢ € X', it > 0,
fooo e MTo(t)pdt = (uId — Ag)~'¢. This proves point 2. Note that ¢ belongs to X for all
¢ € X when for R = 0 which implies iR C p(Ag) and we can also write the inequality (8)
as:

VRu=0, |aR(u,A0)d) | =l fR(u, A))ollx = lollx. €))

3. We now compute the growth bound wg = inflo e R : dM,, > 1 such that | T@)ll o) <
M,e®, ¥t >0} = tlim %log ITo ()l z(x)- From
— 00

00 X+asct
1
ITo()llx = [exp - / fle(x)ldx,
oo
0 X
we find
X+acct Aol
1 1
ITo()ll zx)y =sup [ exp | —— fll=exp|l— [ f
x>0 doo Ao
X
Using Assumption 1, it gives wg = tlim % log [ To(#)l £(xy = —oo from which it follows that
—00
X(Ag) =0

4. We first note that D(Ag) C D(B). We can then compute for all © € C.¢

IBR(2, A0l = | ebe |y - I R(. A) | 2 |1l 4 19112 (10)

which shows that
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Bl < |85 x 1t — A0)@llx » Yo € D(Ao).

Similarly, one has that [|AoBo ||y = O (Il(x — Ag)¢|l ) for ¢ € D(Ap). Hence, B is con-

tinuous on the Sobolev space XIA" def (D(Ag), (e — Ag)-llx), i.e. B € E(XIAO). We can
thus conclude that A generates a C%-semigroup on X using Corollary 4.10 in [18]. To show
that (T(#));>0 is positive, one needs to show that R(u, A) is positive for p large enough.
This resolvent is computed in the next proposition and is given by (11). Using Lebesgue’s

Ru—
dominated convergence theorem in (8), we find that |a(R(i, Ag)gh,)l 1720, Together
with R(u, Ap) being positive, this implies that the resolvent R(u, A) is positive for u large
enough and that (T(¢)),>¢ is positive on X

3.2. Spectral properties

We shall now investigate the asymptotic behavior of the solution of (3) through the analysis of
the spectrum X(A) of the infinitesimal generator A. This is achieved in the following proposition
by looking at the spectral bound s(A) and by taking advantage of the positivity of the semigroup
(T()):>0-

Proposition 3.2. Grant Assumption 1. The following spectral properties for the generator A hold
true:

1. the spectrum of (A, D(A)) is composed of isolated eigenvalues w solutions of
1 (o) X
def CB ey
860 140 (Rue Aoghe) = 1= o [ dafgeo) [ FOe 0 ay <o,
oo
0 0

2. 0 is a simple eigenvalue of A and the spectral bound s(A) = 0 belongs to L (A), hence
3. ¥(A)NiR ={0}.

Proof.

1. Let us consider u € C. Since X(Ag) =, solving (i - Id — A)¢ = ¢ with ¢ € X is equiv-
alent to solving ¢ — R(u, Ag)Bep = R(u, Ap)yr. It follows that ¢ exists if and only if
14+a (R(,u, Ao)ggo) # 0 which gives £(A) ={ueC,1+a (R(,u, Ao)g’oo) = 0}. The func-
tion A is holomorphic which implies that its zeros are isolated. Finally, the spectrum is com-
posed of eigenvalues 11; as one can check that the eigenvectors are given by R(ux, Ao)gl,
using the eigenvector equation ¢ = R(u, Ag)B¢ for each zero i of A. When p ¢ X(A),
the resolvent reads:

an

R(u, A /
¢=R(M,A)w=R<u,Ao)<w— a Rz, A0)¥) )

I+ a (Rt Agigh) °™

2. The semigroup (T(#));>0 being positive, the spectral bound s(A) of its generator A belongs
to the spectrum of A: s(A) € Z(A) N R. Hence using the previous item (1), we are looking
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Fig. 1. Left: Rightmost part of the spectrum of A (stars) and A| (circle) for f(x) = xZ. Computed using collocation
methods provided by the Julia package ApproxFun.jl (see [36]). Right: Plot of the cut-off function p.

for s(A) as the maximal real eigenvalue. One finds that A is strictly increasing on R and that
A(0) =0. Indeed:

1 r r 1 r
»
AO) =1+ géo(y)/f=1——/goof20-
Ao doo
0 0 0

Hence, s(A) = 0. Finally A’(0) # 0 implies that 0 is a simple eigenvalue.

3. From (11), the spectrum is composed of poles of the resolvent. It follows from Theorem VI-
1.12 in [31] and the positivity of (T(¢));>0, that the boundary spectrum X(A) N (s(A) 4+ iR)
is cyclic, meaning that if there is @ € R such that s(A) +ix € £(A), then s(A) +ika € X(A)

forall k € Z. We consider A(it) for t € R. Using Riemann-Lebesgue theorem and Lebesgue
—£00

dominated theorem, we have A(it) "ZZ°1. This implies that « = 0 and X(A) NiR = {0}.

A numerical example of the spectrum is shown in Fig. 1 Left. The fact that 0 € £(A) is easily
seen from the existence of the family of equilibria (2). The flow associated with (1), stemming
from the distribution of a stochastic process, conserves the integral of g. In fact, it can be shown
that this property also holds true for the semigroup T(z) as well. Hence, it is convenient to define

X = ¢eX|f¢=O
0

Next, we compute the spectral projector associated with the zero eigenvalue. This will be useful
in the last section on nonlinear stability. We recall (see Theorem II1.6.17 in [32]) some basic facts
about the Riesz-Dunford spectral projector. If there exists a rectifiable, simple, closed curve y
which encloses an open set containing the eigenvalue O in its interior and X(A) \ {0} in its exterior,
then the Riesz-Dunford spectral projector Py : X — ker(A) is defined by Py = ﬁ f v RO, A)d).
It is the unique spectral projector on ker(A) which commutes with A. In our case, such y exists
because 0 € X(A) is isolated.
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Proposition 3.3. The Riesz-Dunford spectral projector for the zero eigenvalue is

1(¢) /
Vo € X, P()(b W R(O, AO)goo

Hence Ran(ld — Pg) = X. Also, Py and T(t) commute.

Proof. Using an integration by parts, one has the following formula from Lemma B.1

VueC, VopeX, aR(n,Ao)¢)=—ulR(uw,Ao))p) +1(9). 12)

Combining the resolvent expression (11) with (12), we find V¢ € X:

. . 1(®) /
)}I—IE%)AR()\’A)(ﬁ W R(0, Ap)gro-

The Riesz-Dunford projector Py is the residue of R(%, A) at A = 0 which provides the expression
of the projector using the above limit. The statement about the range of Id — Py is direct. As Py
can be expressed as an integral of the resolvent in the complex domain, the commutation of Py
and T(¢) is a consequence of the Post—Widder Inversion Formula. Let us show it directly. Py and
T(t) commute if and only if I(T(t)q)) =1I(¢) forallt>0and ¢ € X. If ¢ € D(A), one has,
using an integration by parts, that 4 71 (T(1)¢)) = I (AT(t)¢) = 0. Hence, I (T(1)¢) = I(¢) for
¢ € D(A). It is then also true for ¢> e X by density of D(A) in X.

We are now ready to give the main result of this section concerning the asymptotic behavior
of the linear equation (3).

Theorem 3.1. There is a spectral decomposition of X into flow invariant subspaces:
X=R-ed X

associated with the projector Py where e = R(O Ao)gl, is an eigenvector for the eigenvalue
0. We write A| (resp. (T|(t)):>0) the part of A (resp. (T(t))s>0) in X. One has s(A)) <0 and
(T|(t))=0 is uniformly exponentially stable i.e. for every positive € small enough, there is a
constant M¢ > 1 such that for allt >0

IT@) = Poll ccy = [T1@) | gy < Mee“W A+, (13)

Finally, we have the following result concerning the spectral radius  sup |1 =e* AV < 1,
AES(T|(1))

Proof. The spectral decomposition into spaces invariant by A is a consequence of the previous
proposition concerning the Riesz-Dunford projector and of [32] Theorem 6.17. This theorem
also implies that X(A|) = X(A) \ {0} whence supNX(A|) < 0. Also, Py commutes with T(z)
so that the semigroup T|(¢) belongs to LX ). Hence, the subspaces are flow invariant. We now
prove that the spectral bound s(A|) equals the growth bound wo(T)). This is a consequence of
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Theorem-12.17 i in [33,34] as X is an AL- space, i.e. the norm satisfies ||¢1 + @2l = NP1 1l + |2l
for all ¢1, ¢ € X+, and (T|(?)) is a positive semigroup on X. This gives the formula (13).
As wo(T)) = s(A)), for all € > 0 small enough, there is a constant M. > 1 such that

||T|(t) || < M eCSAD+O! The Gelfand spectral radius theorem [35, VI.3.4] gives sup |A| =
AES(T(1))

lim",/ HT|(m) || < eGADFTI Aq ¢ is arbitrary, this gives sup  |A| < ¢*AD’ The equality
n reZ(T(1))
follows from the existence of an eigenvalue A such that XA} =s(A)).

3.3. Sobolev spaces

We collect here some results concerning the Sobolev spaces associated with A. This is very
helpful as climbing up the Sobolev spaces of A, solutions gain regularity while the asymptotic
properties of the semigroup remain the same. However, the Sobolev norm for A is much simpler
than the one for A and this is why we spend some time relating the Sobolev spaces of A and Ag.

Lemma 3.1. Grant Assumption 1. For the operators Ay and A defined in (4) and (6), we have
the following properties:

1. forn e {1, 2}, XA X with eqmvalent norms,

2. forn € {1,2}, A restricted to Xn generates a CO—semigroup,
3. we have: XIAO ={pecX, ¢ €X, fopeX, $(0)=0} endowed with the norm | - |1 4, =

Ao - || x. The XIAO—norm is equivalent to the norm

gl = lgllx + ¢ llx + 1l fllx

4. we have: XAO {peX, ¢"eX, fd) eX, f2pe X, ¢p(0)= ¢ (0) =0} endowed with
the norm || - 2,40 = ||A2 lx. The X —norm is equivalent to the norm

gl =lollx + 1 2plx + 1 Ilx + 9"l x,

5. forn € {1, 2}, the Sobolev spaces (X,,C") associated to Cy = —0x — aMy are the same,

. . a>0
with equivalent norms.

Proof. See appendix D.

To shorten notations, since the X,f‘ % and X,;‘ norms are equivalent for n € {1, 2}, we write
I~ 1lna=1Ag-llx-

4. Nonlinear stability

This section establishes the local exponential convergence of the solution g of (1) to goo,
for all initial conditions go = goc + ¢ With ¢ close to zero and of zero integral. The proof also
works for any gy. This result improves on some points those in [2] where it was shown that
llg(®) — goollpt = O ((1+1)71/8) if f(x) > x¥ for all x € [0, 1] where ¢ > 0, & > 1, and for all
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initial condition gg € LL(RJF) of integral one such that g(0) =1, go € C; R4), fooo f2go <0
and [ [g)| < oo.

4.1. Difficulties and strategy

The general strategy is similar to that in [37,38]: we apply a Picard like iteration scheme to
the nonlinear semigroup of solutions at some time # to show that it converges to a fixed point. To
this end, we need to build a nonlinear semigroup of solutions of (1) which is differentiable. Such
semigroup can be found in [2] but the differentiability was not investigated. Here we construct a
semigroup using a different method by means of a fixed point argument based on the computation
of the instantaneous rate function a(g(¢)). Doing so requires g to be integrable against f. The
Picard iteration additionally requires g to be integrable against f2 similar to the requirement
mentioned above at the beginning of the section. The smallest Sobolev space satisfying this is
XzA % in which we solve (1). The second requirement in applying [37,38] is differentiability of
the nonlinear semigroup. However, the nonlinear flow of (1) is not differentiable in XzA 0 Indeed,
from [2] or using the method of characteristics, its (implicit) expression can be found to be:

13
g(t,x) =exp /_f(¢ﬂ,(x),.s(0))ds Li<a@
¢ (x)

t
+ go(x — A(1)) exp /—f(¢o,s(x —A@®)))ds | Le>aw)
0

with A(t) = [ga, ¢s.:(x) =x + [{a and B, (x) such that [;  a=x for x < A(r). Moreover
a(t) solves the fixed point equation a(t) = f0°° fg(#). One can show that for 7 > 0, the mapping
¢ —>ais C I from a neighborhood of go, in XZA into CO([O, T1). However, for all t > 0, the
mapping ¢ — ¢ (- — A(t)) is not even Lipschitz from XzA to itself and so is the flow as well.
To overcome this problem and inspired by [39], we perform a change of variable in time in (1).
Roughly speaking, we set h(t (), x) = g(t,x) with T = fé a(g)(s)ds. This change of variable
is possible only if t(¢) is invertible or equivalently if t — a(g)(¢) is strictly positive. Hence, we
modify the vector field in order to insure that this condition is met. We then show that this defines
a new flow which is differentiable and which enables to characterize the asymptotic behavior of
the initial one.

4.2. Time rescaling

In order to perform a time rescaling, we introduce the following cut-off function which is
strictly positive and locally identical to a(g) if this latter is close enough to aso:

pp(x)=x if |x| <ac —2n
d(g) = aco + pyla(g) —aco), with {|py(x)| <acc —n VxeR
pn € CLH(R) non decreasing and oy llcow)y < o0
(14)
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where 7 is a constant such that 0 < n < “%" (see Fig. 1). We shall write p for p, when no
confusion is possible. Note that whenever possible, we also write a(¢) for a(g(r)) or for as +
pn(a(?)) (in case a € CO(R, R)). We have

0<a®™ n<d@) <200 —n¥ a. (15)

Let us now formally perform the time rescaling:

t

h(r (@), 0 34, x) with r(t):fa(g(s,-))ds,
0

where g is solution of (1) upon replacing a(g) by @(g). Thanks to the cutoff, T is invertible and
h(t, x) solves

(16)

dh(T,x) + dch(z, x) = —a({g}))h(r,x), x,7>0
h(t,0)=1.

We remove the boundary condition by translating the problem around g, & = g0 + U, it gives:

{ dru(t, x) = —du(r, x) — LT (

1 1
&~ oty ) fee X720 a7
u(r,0)=0.

After this formal time rescaling, we plan to prove the differentiability of the nonlinear semigroup
associated with the flow of (17). In section 4.3, we set the mathematical framework for the
analysis of (17) and prove the existence of the nonlinear semigroup as follows. First, we consider
the non-autonomous problem on X:

{u(t) =AMDu(), t>s>0

(NAH)
u(s)=¢
AWy =y — — 1V ¥ € D(A(1) = XM (18)

doo + pa(t))’

for a € CO([s, T]). We show the well-posedness of (NAH) in the sense that it admits a
X2A—valued solution (Definition 3) written u(t) = U,(¢, s)¢. Then, we consider the inhomo-
geneous problem:

{u(t) =A(Du(t) + g4(1), t >5>0
(NAIH)
u(s) = ¢
with
e 1 1
s (a— - m) fo- (19)
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We show that it admits a Xf—valued solution u(t) = V, (¢, s)¢. In a last step, we establish
the existence and uniqueness of a solution of the fixed point equation a(t) = fooo fVaut,s)p

in Cg([s, 00)) for ¢ € Xf and conclude by the existence of the nonlinear semigroup namely
(S;(t)):>0 associated with the flow of (NAIH) with a(¢) solution of this fixed point equation.
In section 4.4, we show the Fréchet differentiability of S, (¢) and establish the local exponential
stability of 0. Finally, in section 4.5, we link the asymptotic behavior of the solution of the
rescaled problem (17) to the initial one (1).

4.3. Solution of the rescaled equation

For s > 0 and a € CO([s, 00)), we introduce a family of bounded operators (U, (¢, 5));>s on
X defined by

t
Ut 900 L exp | = [ LY ) B — 4510 — 1 +5), Voex. 20
) aco + p(a(v))

For a > 0, up to some abuse of notation, we also define the following contraction Cp-semigroup
(Ua(t))i=0 on X:

X

ef 1
(Ua(l)¢)(x)d=fexp —a?/f Hx—t)¢(x —1)

x—t

with generator! A, X lA) where Agp = —¢/ — % f¢ (see Proposition 3.2). Finally, we introduce
the solution of the inhomogeneous problem (NAIH)

t

Vot 90 L ULt )9 + / Ut 1)ga(r)dr, t > 5. Q1)

)
Remark 2.

e From (15), we find U, (¢, s) < Uz(t — s).
e Let us note that a is seen through the cutoff in the semigroups U, (z,s), V,(¢,s) and the
function g,. Hence U, (z, s) and V, (¢, s) are well defined for > s > 0 and a € CO(R*, R).

The following proposition establishes the well-posedness of (NAH) as there is an evolution
family which solves (NAH) in the space XZA i.e. it leaves Xf invariant. Moreover this solu-
tion also belongs to the smaller space CO(R ., XzA) in effect giving an XZA-valued solution (see

Definition 3).

Proposition 4.1. Grant Assumption 1. For s > 0, let a € C%([s, 00)), then (U,(t, 5))i>s IS an
evolution family of contractions on X. It is the unique family which solves the Cauchy problem

1 Actually its domain is XIA but X]A = XIA by Lemma 3.1.
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(NAH) on XZA. More precisely, for ¢ € X2, U,(t,s)¢ is the unique XZA—valued solution of
the initial value problem (NAH) and there is a constant C > 0, independent of a, such that
V(t,s) eRY, t >5, Vp € X

1Ua(t, ) ll2,4 = Cli@l2,A- (22)

Proof. The proof of the fact that (U, (%, 5));>s 1s an evolution family of contractions on X’ is
direct. We focus on showing that U, (¢, s)¢ is a XzA—valued solution for ¢ € Xf which implies
that it solves (NAH) on XZA. We first note that XzA is densely and continuously embedded in X’
and that XZA C D(A(r)) as a consequence of Lemma 3.1 and of the fact that @ is positive bounded
with values in [a, a].

First step. Let us prove that for 0 <s <, U, (t, S)XzA C XZA. It is indeed needed to identify a
subset of the domain of A(¢) to define a (classical) solution. This is a consequence of Lemma E.2
from which it also follows that there is a constant C > 0 such that for all # > s >0 and ¢ € X. A
Us(t, )Pll2,.a < Cligll2.a. Hence, Uy(2, s) leaves XZA invariant and is bounded on XQA.

Second step. We sketch the proof of the strong continuity of the family on XzA as it
is very similar to the one of Lemma E.2. This property is useful in the fourth step of the
proof of the proposition. One needs to show that V¢ € XZA, ULt sV — Ug(t, s)Plloa — 0
when (t',s') — (t,s). By dominating the terms U, (z,s)¢, f2Uqs(t,8)d, f(Uqu(t,s)¢) and
(U, (2, 5)¢)” as done in the proof of Lemma E.2, and using Lebesgue dominated conver-
gence, we obtain the strong continuity. In particular, this yields an evolution family on XZA and
t — Uy(t,5)¢ € CO(s, 00), XM).

Third step. For ¢ € XA, we prove that t — u(t) = U, (z, s)¢ is differentiable in X" for ¢ > s.
We first focus on the right-derivative and thus consider the difference quotient A YU, (t+h,s)—
Uu(t,8) =h~ " (U, (t +h,t) — 1d)U,(t, s) for h > 0. We write U, (¢ + h, )¢ = T, (h)v(h) with

v(h) def exp (— foh +Z)dz) ¢ and where (T, (t));>0 is the CO-semigroup of right translations.

a(t+z)
We find that v(h) € {p € WH(RL), ¢(0) =0} C X which is the domain of the generator of T,.
We also note that v is differentiable at O in X" thanks to Lemma E.3. We can thus conclude that
h — U, (t + h, t)y is differentiable at 0 in X'. Indeed: (T, (h)v(h) — v(0))/h =T, (h)(v(h) —
v(0))/h + (T, (h) — Id)v(0)/ h. Each term has a limit thanks to the strong continuity of T, and

v(O) belonging to the domain of the generator of T,. We thus find that %Ua (t+h,t)p o=

a(t) dx® = A(t)¢ from which it follows that

+
gUa (t,5)9p =A)Ua(1, 5)¢. (23)
The mapping + — A(¢) is continuous in L(XA X) using Lemma C.1 since A(r) — A(s) =

— (’E(lz_) a(s))Mf The right-hand side of (23) is continuous in X since ¢ — U,(¢, 5)¢ is

continuous in XZA and t — A(¢) is continuous in £(X Ay ). Therefore the right-derivative of
U, (¢, s)¢ is continuous in X and r — U,(¢, 5)¢ is continuously derivable in X'. We have shown
that u belongs to C°([0, T1, X3*) N C'((0, T], X)) and that it is a X’-valued solution of the
initial value problem (NAH).

Fourth step. We show here uniqueness of the solution of (NAH) by showing that U (t,8)p =

—U, (1, )A(5)p for ¢ € XA, We have 2-U,(t, 5)¢ = limy o Uy (t, s + h) (Mﬂ) =
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—U,(t, s)A(s)¢ by the third step. We use the same argument as in the previous step to show
that s — U, (¢, s)¢ is continuously derivable in X and that aa—sUa (t,s)¢p = —U,(t, 5)A(s)¢ for
¢ e XzA. We then proceed as in the proof of Theorem V.4.2 in [7]. If u is a XzA-valued solution
of (NAH), r — U, (¢, r)u(r) is continuously differentiable in X with zero differential. This im-
plies that u(¢) = U, (z, s)¢ and this gives uniqueness of the solution of (NAH). Finally, (22) was
proved in Lemma E.2.

Proposition 4.2. Grant Assumptions [ and 2. Let s > 0, a € CO([S, 00)) and ¢ € XA, then
(NAIH) has a unique XZA—valued solution given by (21). Moreover there exists a constant C > (0
independent of a such that forall t > s >0 and ¢ € XZA:

IVa(t, $)pll2a <C (”a”CO([s,z]) + ||¢||2,A) . (24)

Proof. This is an adaptation of the proof of Theorem V.5.2 in [7]. Uniqueness of a solution of
(NAIH) is a direct consequence of the previous proposition. To show that V, (¢, s)¢ is a X2A-
valued solution, we have to show that w(t) = f; Uy(t,r)ga(r)dr, t > sisa XzA—valued solution
with initial value w(s) = 0. We first note that g, € CO(]R{+, XZA) under Assumption 2 which
implies that w(z) € XZA. The continuity of r — U, (¢, r)g,(r) in X2A for s <r <t implies that w
is continuous in XQA and that r — A(#)U, (¢, r)g,(r) is continuous in X. This implies that w is
continuously differentiable in X and that g—tw(t) =A()w(t) + g4(t) in X as desired.
From (E.2b), there is a constant C > 0 independent of a such that

IVa(t, )l < CUL@ I cos.p + 1612.4) < Cllalcogsay 2] o + 18112.0)

< (lallcogs.ry + 1pl2.4)
which yields the inequality (24).

The sequel of this section is devoted to solving the Volterra-like fixed point equation a(t) =
fooo fV.(t,s)¢ in some Banach space that we shall now precise. For ¢ € X A we introduce the
mapping Ty ¢

: CO([s, 00)) —> C([s,00))

c —> a(V¢e(-, 8)p). (25)

Ts.¢

Proposition 4.3. Grant Assumptions | and 2. There exists C > O such that for all ¢ € XZA and
for all s > 0, the mapping T; 4 is a contraction on CO%s, s + 81) provided that 0 < § < 1 and

that 8 < C (1 + [|pllaa) -

Proof. For s > 0,5 >0 and ¢ € XzA, let us show that 7; 4 leaves CO([s, s + §&]) invariant. For
aeCOs,s+3)), Proposition 4.2 implies that r — V, (¢, s)¢ belongs to CO([s, s + 81, Xé‘). By
continuity of My from XZA to X, we find that 7y 4(a) € CY([s,s + 8]). For § > 0, we estimate
the CO—norm of 75 4(a2) — Ts.¢(a1) using (21) for ay, ax € CO([s, s + 8]):
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Ts.9(a2) (@) — Ty, (an) () = a((Uq, (1, 5) — Uq, (1, 5)) )+

1 t

o [ Untt: 1)) = g0y 00)r) + 0 [ antt.7) = Uiy .00y 01d ).

N

Using that 0 < a <@ < a from the definition of the cut off (14), we find V¢ € [s, s + 8]:

1 ~ o~
|(Uay (1,5) = Ugy (2, 5))9| < ;(f —8)llaz — atllcogs,s+61) fUa(t = 5)9l.

From the above inequality and Remark 1, we get two bounds:
a((Uq, (t,5) — Uq (2, 5))9)
1 ~ o~
< 2 =@ =lcos,seap 17 Valt =Bl

SA+lglla + 12l — )l — @l cogs sa)

1
a( [ Wantt.r) = Uyt 10)g0, 003

1

=
a?

t
lax —a ||c0([s,s+5])“<f/(l —r)Ua(t —7)ga (V)dr>,
N

~ o~ 2
Sllaz —aillcogs s+s7) & —5)

3 ~ ~ 2
’f 8oo HX S llaz = ailleos,s467) & —5)
§<1 - -

S laz —arllcogs o7 (= 5)-

Similarly

t t

o [ Uantt: 180 = g0y (1)) 5 12 = Tl apa( [ Vate =gl

s N

~ o~ 2
S 1@ = Al eoqosan € =) | 2800 -

Hence, if § < 1, the Lipschitz constant k(¢) of 7;4 on CO[s,s + 8]) reads k(¢) =
L C.1
C (1 + llollx + ||f2¢llx) 5 S C(1+ |l¢ll2,a)8 with C independent of ¢, s and §. It goes

to zero when § — 0. We can thus choose § for 7y ¢ to be a contraction.

Theorem 4.1. Grant Assumptions | and 2. For each ¢ € XzA and s > 0, there is a unique solu-
tion a € Cl?([s, 00)) of Ts,¢(a) = a. Moreover, v : t — V,(t, s)¢ belongs to Cl?([s, 00), XZA) N
c! ((s, 00), X) and solves
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fv 1

Qv +ov=———+ e
o d(goo +v) fg“(a(goo+v> doo

), t>s, x>0,
(26)

v(s) =¢.

Proof. Let ¢ € X2, Proposition 4.3 and the Picard Theorem give the existence of an increasing
sequence (S,),cN such that the differences s; — s;_1 satisfy

_(C 1
§; —s§i—1 =min §(1+||¢i—1||2,A) 15 ) so=s

. .. d d .
where C is the constant from Proposition 4.3 and ¢y tef b, dit1 lef Va1 (i1, 8¢ with a; 44

solution of a; 11 = Ty; ¢ (ai41) in CO([si, si+1]) fori > 0. Fori > 1, we note that

ai+105) =T ¢ @iy 1) (57) = a(gi)
=a(Vy, (s, si—D)Pi—1) = Ts;_1,i_1 (@) (5i) = a; (7).

Hence, if we define a et a; on [si_1, s;) forall i > 1, we have that a € C%([s, lim,, s,)). We also
have that ¢; = V,(s;, s)¢o which implies that fori > 1 and 7 € [s;_1, 5;]:

Ts.p(a)(t) =a(Va(t,s)¢) =a(Valt, si—1)¢i—1) = Ts;_ .¢;_, (@) (1)
=a;(t)=a(t).

Hence, a is the unique fixed point of 7y ¢ in CO([s, lim, s,,)). It follows that Vi > 1, lgill2.a =

E.2b
IVaGsi, )d0lba = Cv(l+ Igollan). Hence, si — si1 > min (L, C(1 + llgollaa)~") for
some new constant C > 0 and lim,, s,, = +00.

The boundedness of a results from (D.1) and (E.2b): a € Cg([s, o0)). Let us define v(r) =
V,(t,s)¢ which solves (thanks to Proposition 4.2) the problem (NAIH) with the denominator
oo+ 0(a(?)) = doo+ p(a(v(r))) = d(geo + v(t)) by definition of the fixed point a. Then v solves
the problem (26) as a Xf—valued solution (i.e. it belongs to C,(J)([s, 00), Xf‘) N Cl(Js, 00), X)).

Based on the previous theorem, we introduce the mapping:

XX — C)([0, 0))

A b - AW @7

where A(¢) is the fixed point of 7g 4. Note that .4(0) = 0. We also define the nonlinear semi-
group (S (#));>0 for the rescaled equation (26):

A A
Ay — X5

S/(1): ¢ — Vgt 0)p. (28)

The function ¢+ — S, (¢)¢ is the unique XZA—valued solution of (26) with s = 0. Note that it
satisfies S, (r)0 =0 for all t > 0.
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4.4. Convergence to the equilibrium g

We now study the differentiability of the nonlinear semigroup S,. We start with the regularity
of the co-restriction of the map A with values in C 0(10, ¢]) for r > 0.

Lemma 4.1. Grant Assumptions 1 and 2. There are t > 0 and a neighborhood V C XzA of 0
such that A belongs to ctw, co, s])) for all s € [0, t]. Moreover, for aﬂ ¢ € PoV and for all
s €0, 1], A(p) is such that 1 (VA(¢) (s, 0)¢) = 0 meaning that S, (s)¢ € XZA.

Proof. We note that 7 : (a, ¢) — 7o, ¢(a) belongs to Lo, 1] x XA, C0([0, r])) as con-
sequence of Proposition E.1 and of the continuity of My from XzA to X'. We wish to apply the
parametrized contracting mapping theorem (see [40]). For ¢+ < 1 small enough, one can chose
R > 0 such that a — T (a, ¢) is a C' family of contractions with Lipschitz constant k(¢) in the
first variable for ¢ € B X (0, R). We have:

Prop. 4.3
k() < tCA1+R) <.

As a consequence of Theorem 3.2 in [40], A(¢), fixed point of T (-, ¢), is C ! from B XA 0, R)

into C9([0, ¢]) and the same holds on B XA (0, R). This concludes the first part of the proof (the
slightly more general result in the lemma is straightforward).

We now show how a neighborhood of 0 in X2A is mapped into a neighborhood of 0 in
CY([0, 1]). We use the fact that A is Lipschitz. Indeed, for all ¢, ¥ € BXZA 0, R):

IA@) = AW < | To.6(A@)) = To. (AW || + [ To.p (AW)) = To.y (AW)) |

<tC(1+ R) [A@) — AWl + | To.6 (AW)) — To,y (AW ||

(D.1) and (E.2a)
< tCA+R)NIA@) — AW+ Cllg —¥lira

which gives || A(¢) — A(Y)| < %(H—R) ¢ — ¥ll5 o and A is Lipschitz on BXZA (0, R).
Letthen V C B X (0, R) be small enough ensuring that A maps V into B0 (0, r) with » >0

such that the cut-off function p defined in (14) satisfies p(x) = x for |x| < r. It implies that

A(@) = p(A($)) for all ¢ in V. For ¢ € PyV, we write 1 (1) = (V.4 (1.0)p) and v(r) &

V A¢) (2, 0)¢. By hypothesis: 1(0) =0. Asv € CL((0, 00), X), we have that %I(v(r)) =1(0(t))
for all + > 0 and from Theorem 4.1:

d .
El(t) =1(®) =1AD) + gA@) (1)

_ ey fo@®) — ! - L
_I< v'(t) oo + A(D) (1) (aoo+A(¢)(l) aoo) fgoo)

I(fv(0) AD@  _ A@@®) — A1)
oo + A@) (1) aoo + A(P) (1) oo + A(@) (1)

PR (oo, 1) —v(0,1)] -

=0
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where we wrote v(oco,t) = lim v(x,t) which is zero because v(-,t) € W“(RJF). It follows
X—> 00

that 7 () is constant for > 0 hence equal to zero by continuity. This concludes the proof of the
second part.

Proposition 4.4. Grant Assumptions 1 and 2. For t > 0 small enough, let Py} be the neighbor-
hood of 0 in 5(\2A introduced in Lemma 4.1. The nonlinear semigroup S,(s) evaluated at time
s € [0,t], belongs to Cl(PyV, j,’\f) and the Fréchet-differential of S;(s)| pa at 0 is T|(s/ac).
Finally, there is a constant C > 1 such that Vs € [0, t], V¢ € V: ’

IS/ ()@ll2,a = Cligl2,A- (29)

Proof. We first show that S,(s) is differentiable. By Lemma 4.1, there exists t > 0 small
enough and V C X such that A € C'(V, ([0, 1)) and I (V _44)(s, 0)¢) = O for all ¢ € PyV
and s € [0, t]. Moreover for ¢ € XZA and s € [0, ¢], the mapping a — V,(s,0)¢ belongs to
clcOo, 1)), XZA) by Proposition E.1 and the mapping ¢ — V, (s, 0)¢ is affine so is differen-
tiable. By composition, we deduce that Vs € [0, 7], S, (s) € C! o, XzA). Moreover, for s € [0, ¢]
S, (s)PgV C XA which gives d[S, (5)1(0) € L(XD).

Let us now show that the Fréchet differential of S, (s)| ) at point 0 is T|(s/acc). We first
note that U 4¢4) (7, 0)¢ = U, (2, 0)¢ + o(¢). By differentiating A(@p) = a(S,(-)¢), we obtain
dAO)p = a(d[S,()](0)p) = a(u(-)) where u(s) < d[S, (5)](0)¢ for all s € [0, 7]. By differen-
tiating ¢ — S, (s) =V 4(¢) (s, 0)¢ at 0, we obtain from (21) that Vs € [0, 1], ¢ € Py),

N

u(s) & d18,()1(0)¢ = Uy, (5. 0)¢ + / Uo (5.7) (%’") dA©0)(¢)(r)dr
0 o0
—T, (i) ¢ — /To (S — r) (“’*) a(u(r))dr
oo oo oo
0
—T0< )(ﬁ—i—i/‘To( )B(u(r))dr
OO OO 0 OO

We conclude that u(s) = T(s/ax)¢ from the uniqueness of the solution of (3). The fact that
S, (s)] XA is defined on XzA implies that its differential is the part T|(s/ac) of T(s/ac0) in X, YA,

Noting that A(0) = 0, the inequality (29) is obtained from (24) and using the fact that A is
Lipschitz as shown in the proof of the previous proposition.

We are now ready to study the long term behavior of S,.
Theorem 4.2. Grant Assumptions | and 2. The stationary solution 0 of (NAIH) is locally expo-
nentially stable in XZA that is there is €y > 0 such that for all 0 < € < €, there is a neighborhood

Ve C %A such that
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s(A)

@00 € |t
ACe=1 Vo eVe, Vi =0 [IS,(1)Pll2,a < Cee( ) loll2,a- (30)

Proof. Using the notations of Proposition 4.4, let V C XZA be such that S, (s) € C!(PyV; .J?ZA).
The Fréchet differential of S, (s)| X at0is T|(s/ax) € L(XZA) and its spectrum lies in a compact
subset of the open unit disc, see Theorem 3.1. The theorem also provides the spectral radius of

T|(s/acc). We deduce from Theorem A.1 that there is €9 > 0 such that for all 0 < € < €, there
is a neighborhood V' = B(0, R) of 0 in XZA and a constant C > 1 such that

VeV, VneN [S:()"dloa =S, ns)plloa < C(k +€)" ¢llaa

x(A|)
where k & ea * € (0, 1). Moreover, we have that S, (s) : V' — V'’ by Theorem A.1. We define
Ve = {p V', ll¢lloa < R/Cr} where Cy is the constant in (29). It follows that V¢ € Ve and
Vg €10,s), Sy (q)¢ € V'. We can thus decompose each r > 0 as t = ns + ¢ with g € [0, s) and
find S, (¢) =S, (ns)S; (q). It follows that:

29 ’ n
Vo € Ve, [ISr()pll2.a<C(k +€)" IS, (Pdllaa < C'(k +€)"[|Bll2.a-

Finally, we note that (k +€)" < k”¢"€/* and up to renaming €, there is a constant C, independent
of n, t, such that

s(A‘)

L+
18, (0128 <Cel ™+ gl
4.5. Main result
In this section, we conclude with the main result concerning the nonlinear stability of (1).

Theorem 4.3. Grant Assumptions I and 2. The equilibrium 0 is locally exponentially stable with
respect to (S());>0 in XzA.

Proof. Using Lemma 4.1 and the fact that A is Lipschitz, there is a neighborhood W C PyV of
0in é’k'\zA satisfying A(OW) C B0 (0, r) with r such that p(x) = x for |x| < r. Using Theorem 4.2,
Ve > 0 small enough, there is an open ball B(0, R.) C W such that V¢t >0, S, (#) B(0, Rc) CW.
Hence, (S, (7));>0 solves (26) on B(0, R.) but with @ replaced by a.

As a consequence, for ¢ € B(0, R¢), the function #4(7) = for mds for T > 0 is well-

defined, positive, monotone and invertible. We can thus define S(7)¢ 4 g0 + S, (tdj1 (1))¢ for
all 7 > 0. It follows that (S(#));>0 solves (1). Thanks to Theorem 4.2, we have V¢ € B(0, R.),
s(A|)

€ |t
Vi >0 [[S;(D¢lla,a < CeeN ™ l¢ll2.4- Then, we have:

SA)

IS(t)¢ — goll2.a < Ce€< 0

S(Al)
(Too +e> nt
e

where we used that nt < t(;l (t) <at for n > 0, see (14). This concludes the proof.

+e>t*1(t)
v <cCe
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The parameter 0 < n < as entering in the definition of the cutoff p,, is arbitrary. Hence, we
find that the exponential convergence of S(¢) is Cge(s AD+€)! with € > 0 small enough.

5. Discussion

In this work, we looked at the exponential stability of a recent mean-field limit of spiking neu-
ral network using tools from dynamical systems. This was made possible thanks to the fortunate
positivity of the linearized semigroup and using a time rescaling trick from [39]. This allowed
us to avoid using the center manifold theory which comes up naturally for this kind of equations
because of the family of equilibria.

Note that our framework does not apply directly to the general case A > O for several rea-
sons. Firstly, the boundary condition is less trivial than in our case but one can hope to build a
semigroup of solutions using [41]. Secondly, the rescaling trick used to produce a differentiable
semigroup does not work anymore. However, recent numerical evidences [6] suggest the exis-
tence of a Hopf bifurcation and probably of a center manifold. Thus, the present work hints at
the difficulties for studying these numerical evidences using tools from semigroup theory.

Nevertheless, the present formalism would allow the study of more general situations when
for example the spatial location of the neurons or propagation delays are taken into account
[42,43].
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Appendix A. Definitions and results on general Cauchy problems

To be self-content, this section presents results taken from [7] that we use to show the well-
posedness of (NAH) and (NAIH). We start this section with some definitions about the linear
non-autonomous initial value Cauchy problem

{u(t) =A@®u() for 0<s <1,
(nACP)

u(s)=v
on a Banach space X.

Definition 1. [7] An X'-valued function u : [s, T] — X is called a classical solution of (nACP)
if u is continuous on [s, T'], u(¢) € D(A(¢)) for 0 < s < T, u is continuously differentiable in X
for 0 < s < T and it satisfies (nACP).

To discuss basic properties of (nACP), we introduce the so-called evolution semigroup asso-
ciated with it.

Definition 2. [7] A family of bounded operators (U(z, 5));>s on a Banach space X is called a
strongly continuous evolution family if
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@G) U(t,s)=U@&,r)U(r,s) and U(s,s) =Id fort > r > s > 0 and
(i) the mapping {(r,0) € R2:7>0 > 0} > (¢, s) — U(¢, s) is strongly continuous meaning
that Vo € X, ||U(¢', s")¢ — U(z, s)¢” —0as (t/,s") — (t,9).

Definition 3. Let ) C X be a Banach space that is densely and continuously embedded in &'
A function u € CO([s, T1,Y) is a Y-valued solution of the initial valued problem (nACP) if
u € Cl(ls, T1, X) and (nACP) is satisfied in X

The following theorem states a sufficient condition for exponential stability of a stationary
solution of a discrete dynamical system.

Theorem A.l. Let X be a Banach and V be a neighborhood of 0 in X. Let F : V — X be

differentiable at O such that F(0) = 0. Let dF(0) = L € L(X) be its Fréchet derivative at 0.

.o . d
Assume that the spectrum of L lies in a compact subset of the open unit disc and define b 2

sup |A| < 1. Then for all € € (0,1 — b), there is a neighborhood Us C 'V of 0 and a constant
rex(L)
Ce¢ > 1 such that for all x inUe andn € N:

[F" )| < Ce b+ lIx]l-
Moreover, Ue is invariant by F.
Proof. (Adaptation of Theorem I.1 in [38]) Let € > 0 be small enough such that b+ € < 1. There
is an equivalent norm ||-||, satisfying [|-]| < |||, <« ||-|| and such that | Lx||, < (b +€/2) || x|,

(see [38]). The differentiability of F implies that there is a neighborhood U, = {x € X' ; | x||;, <
R} of 0 such that for x € Uj,:

IFCOI, < ILxll, +€/2lxll, <@+ e) lixll, < lxlp -
Hence, F leaves U}, invariant. It follows that ||F(x)"|| < C(b + €)" ||x|| for some C > 1. We now
defineld ={x € X' ; ||x|| < R/a} CU. This set is invariant by F because o > 1. This completes
the proof of the theorem.

Appendix B. An equality for computing the spectral projector

Lemma B.1. We have the following identity

VueC, VopeX, aR(n,Ao)¢)=—ul R, Ao))g) +1(9).

Proof. We start from asa(R(u, Ag)g) = [;°dy et/ % f;o dx f(x)e /g (x) and
use

o0 o0
/ dx f(x)e™ "% oo (x) = —aco / dx e /e g (x)
y y
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e ]

= aoogoo(y)e V0= — 1 / dx goo(x)e Hx/ax

y
which gives asoa(R(i, Ag)@) = aool (9) — acol (R(11, Ap)@) as claimed.

Appendix C. Continuity of M ¢

This section is dedicated to the proof of the continuity of (M )" : ¢ — f"¢ from Xf % into
X.

Lemma C.1. Assume that Hypothesis I is satisfied. For n € {1, 2}, the linear operator (M )" :
¢ — "¢ is continuous from X,?O into X.

Proof. From (9) in the proof of Proposition 3.1, we find M € L(XIAO, X). The case n =2 is
similar as we now show. Take ¥ = R(0, Ao)2¢, and write R = R(0, Ap) for simplicity

all Pl < [ dxay 100 =0 PO Re0) = [aRol [ 72008
§o0(7) goo(y)
R%r 0 y
! 00 2 (1) 8xel¥) )
I dy|R¢(y)|fy R SEGdx < IR$|x

=1+
(C.2)
[ dy RO [ £ 5= < (| fRelx + IR x)

For the first inequality, we used

1 00 1 00
o 1
f dy[R$ ()| [ def? e o 1 / dy[R¢ ()| / FA) 200 (0)dx S IRy, (C.1)
8oo(¥) 8oo(1)
0 y 0 0
———
For the second inequality, we used that Vy > 1:
[ PwEBar= | caxswen |- [ 1] | +ax [rwen|--= [ 1
8oo(y) doo Ao
y y ¥ y y
Assumption 1 n 1 i
< aoof(y)+aooC/f(x)eXp —a—/f SfO)+1. (C2)
y y

Hence, we find that || f2R2¢HX < (IRl x + || fRo| x) < |IR@| x where the last inequality
comes from the continuity of My (case n = 1). It follows that M%, e L(X AO, X).
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Appendix D. Sobolev tower: proof of Lemma 3.1

Proof. We prove each item separately.

d .
Proof of item 1. Let us show that X,? = X,?OZ where we recall that X,f‘ éf (DA™Y, - lln.A) is
endowed with || - |[,.A = [[(u —A)" - | x for u € p(A), i.e. R > 0.
For n =1, we have D(A) = D(Ay). As for the norms, V¢ € XIA and u € p(A) one finds

1olha 11w — Al = 10d — BR(1, Ag)) (12 — Ag)dllx
< I1d — BR(2, Ag) | 2o 11t — A0l v < 1110

where the fact that BR(u, Ag) € L(X) was proved in Proposition 3.1. The other inequality reads:

161 a0 Y 1t — A))dllv = (e — A+ B)olx = I1(1d + BR(1, A)) (1t — A)ol x
< 1+ BR(t, A) [ o [l (e — Al < 161114

where BR(u, A) € £(X) thanks to (11) and (10).
For n =2:

D(A%) ={¢ € D(A), Ap € D(A)}={$ € D(A¢), A¢ € D(A¢)}
={¢ € D(A0), (Ao +B)¢ € D(Ao)}

BOEDA0) 14 € D(Ag), Aop € D(Ag)} = D(AD).

Concerning the norms, Y¢ € X2A and u € p(A):

def

1612 “L 1t = Adlhia "= Cille — A)dlla, = C1ll0d — BR(w, A) (1 — A0)dll1 A,

< Cild — BR(u, Ao)llaXle)Il(M —A0Bl1.Ae S 1Pll2,A0-
The last inequality comes from B € K(XIAO) in Proposition 3.1. For ¢ € XlA and u € p(A),

we find |a(R(u, A))| < ol < ||¢>||X1A using (11) and (10). Hence BR(u, A) € E(Xf‘) since
gL, € D(A) = D(Ap). Using this, we find:

de “n=1"
loll2,4, =4 (e —A0)Plliagy = Cill(n—A+B)@ll1a=CillId+BR(u, A))(n —A)plli A
< Cillld+BR(, Al paa) (e = A)¢llia S dll2.a-

We conclude that X,j* = X,? % for n € {1, 2} with equivalent norms.

2 Meaning that D(A") = D(A%) and || - [l A ~ Il - ln,A-
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In this proof, we endowed X,?O with the norm ||(x — Ap)" - || in order to show equivalence

between the Xf-norm and the Xf _norm. However since Ay is invertible the norms || (1 — Ag) -
|lx and of ||Ag - || v are equivalent which means that Xf = (D(AD), |AG - ID.

Proof of item 2. Direct consequence of item 1 as A| XA generates a Co—semigroup (see [31]).

Proof of item 3. See Proposition 3.2 for the expression of X’ IA 0 The fact that there exists a constant
C > Osuch that || - [|1,o, < C|l - |l1 is straightforward. The reverse inequality is a consequence of

_A—O,jol:[f = 0, from XIAO to X (see Lemma C.1).

the continuity of M and D =

Proof of item 4. We first identify D(A%). As in the proof of Proposition 3.2, we start from ¢ =
R(w, Ag)¢ with ¢ € D(Ap) and e > 0. We have that R(i, Ag) D(Ag) = D(A%) and we deduce
firstly that ¥ (0) = v¥'(0) = 0. Moreover the proof of Lemma C.1 shows that ae|| f 2yllx <
C ¢l a, Which implies that f 21// € X. From the definition of i/, we have that

aco¥' = —f¥ +¢ —p

which gives fv’ € X. Hence, from Assumption 1, we have (fv)’ € X and ¥” € X. To sum up
we have shown that:

DAY ClpeX /¢ eX, f¢' X, frpeX, ¢p(0)=¢'(0)=0}.

Reciprocally, let e {p € X / ¢" € X, f¢' € X, f*p e X, ¢(0) = ¢ (0) =0} and define
¢ = aco¥' + f + ur: we will show that ¢ € D(Ag) noting that v = R(u, Ag)¢ by injectivity
of uld — Ag. We first note that ¢ (0) = 0.

e ¢ € X because ¥ € X and ' € X and

e =i [ =[], i< (1)
{r=1

e f¢ e X because fy' € X, f2¢ € X and f € X thanks to (D.1),
o ¢’ € X because ¥ € X, ' € X (thanks to fv/' € X), and (f) = f'v + f is such that
f¥' e X and

Assumption |

If iy =< / Flol+ellfvla SUfYllx+ vy < oo (D.2)

{x<1}

Hence ¢ € D(Ag) which gives ¢ = R(u, Ag)$ € D(A}) and it follows that D(A}) = {¢ €
X, 9" eX, fo' e X, fPpe X, ¢p(0)=0, ¢ (0)=0}. As for the norms, for all ¢ € X2A°
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130 1x S (191 + 1 I + 115 @l + 11611 )
2)

(D

< (10 + £ 8l + 179 e+ 1521 + 1012

(D.1)

S (0871 + 1912+ 1791 + 117261 ) =162

For the reverse inequality [|¢]l2 < I|¢ 1|24, only the terms || f¢'|| x and ||¢” || x require additional
attention. From the continuity of M fA le L(X) (see (9)), we have

1
S T
[p*ag%] = o |d +Meag o] | < ol

which gives ”d)””X l¢1l2.a,- We also have

Lemma C.1

1 1 1
176/l = — My o+ Mg = — [MyAop ]+ — M6 S 19ha,
doo Ao Ao X

which concludes the proof.

Proof of item 5. The proof is essentially the same as the one of the previous items. The domain
of D(Cz) is the same as D(A ). Up to scaling f, the two previous items show that ||-||; , (resp.
lIll2,) is equivalent to ||-[|; (resp. ||-|l,) hence the different norms ||-||; , for o > 0 are equivalent,
the same is true for [|-[|, 4.

Appendix E. Lemmas for the continuity of U, and V,

Lemma E.1. If Assumption | is satisfied, then for all C > 0 and a > 0, there are two constants
to > 0 and C' > 0 such that for all p € X

Vu>to, U w)pl <e 1o —w)|H(—u) as., (E.la)
eC'/Ug(u)kﬁl <C'l¢llx. (E.1b)
fo X

Proof. Let us first bound the following function:

Vi >0,Yu>0, [eC U u)¢|(x)= C i ST\ (e — w) H (x — ).

As the above quantity is zero for x < u, we focus on the case x > u. For each u > 0, we

introduce the function Vx > u, g, (x) Cx - f ;_M f. This function is differentiable and
yp 1

g, ) = C — LY because f(0)
f is increasing unbounded. As f is convex, we find that x — g/,(x) is non-increasing so that
Vx >u>ty, g,(x)<g, ) <O0.It follows that Vx > u > tg, g,(x) < g,(u). Asu>1 > 1, one

0. We chose 5 > 1 so that gt (to) < O: this is possible as
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Assumption 1 (i) 1 1 X 2 )

finds g, (u) < Cu— a fo f—- ;—g(u — 1) < —C’u” for u (or ty) large enough and for

a new constant C’ > 0. Hence, we found that there is a constant C’ > 0 such that

Jtg > 0,Vx > u > 19, gu(x) < —C'u?.

This implies that eC'Ua_(u)|¢| < e’c/"zlqb(. —u)|H(. — u) for u >ty and gives the first in-
equality of the lemma. It also gives the second inequality using Fubini’s theorem.

Lemma E.2. Grant Assumption 1 for (E.2a) or 2 for (E.2b). There is a constant C > 0 such that
Vo € X7, Va e CORT) and ¥t,u > 0:

IUa(t +u,0)¢ll2.4 = Clldll2,a (E.2a)
IVa(@ +u,0)¢ll2,a = Cllp(@llo + 1@112,4)- (E.2b)

In particular, these operators leave Xf invariant.

Proof. We start with the simpler case of U,. We first show that U, (¢, s)¢ belongs to leo’; R4)
if ¢ € A For ¢ € A3 and t > 5 > 0, we write u(t,-) = Uy (t, 5)¢. We note that u(t, x) =
q(t,s,x)(T,(t —s)p)(x) where (T,(t));>0 is the Co-semigroup of right translations and x —
q(t,s,x) € Cz(IRJr) is a bounded function with bounded derivatives. It is known that T, (¢) leaves
{p e W2I(Ry), ¢(0) = ¢'(0) = 0} invariant.” It follows that u(z, -) € W, (R). We can thus
take the derivatives of U, (t + u, t)¢ in order to compute norms.

Let us now bound almost everywhere U, (t + u, t)¢, F2U4(t +u, ), f(Uu(t +u,t)¢) and
(Uy(t + u,t)¢)” in order to show that U, (r + u, )¢l < ||@ll,. In particular, this will show
that these functions are integrable. We first note from Remark 1 that there is C > 0 such that
f(x) < Cexp(Cx) for all x > 0. Secondly, using that A, T (u)¢ = T, (u)A,¢ for u > 0 where
A, = 9,, we can simplify the computation of the derivatives that appear below.

e Letk € {0, 2}, from Lemma E.1, there are constants C > 0 and 79 > O such that

AT )lgl,  if0<u <t
e’C“ZTr(u)|¢| otherwise

FHUa +u, D) < {
which gives for some new constant C independent of a

Cligllx+ [ ] ). ifO=<u<t

H S Uat +u, mb”x = {C ol x otherwise.

Indeed, by Remark 1,

| 1wl = ]Of%c T+l (0)ldx < 70f2(x+to)|¢>(X)Idx = Cllpllx+ | £26] .
0 0

3 Tt is the domain of the square of its infinitesimal generator.
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It follows that there is C > 0 such that for all #, u > 0,
e The derivative (U, (¢t + u, r)¢)’ is bounded by

AU +u, D] <C .

|(Ua(t +u,09)'| S X, Uz ()] +Ua@)|¢'| < C [+ Xu)Ua@)p| +Ua(u)|¢'|]

Assumption 1

for C > 1 where X,(x) 2 [ f(v+x —wdvand X,(x) = [ /(v +x —wdv =
C(u + X, (x)). Using the boundedness of x — xe™*, we find that

|(Ua(t+u,1)¢)'| < C [T, )| + uUzw)|¢] + Uz )|¢'|] S Tr @) (19 +16') +ulUa ()|
(E.3)
The only remaining term to study is:

LemmaE.l | CfT,(uw)|¢p|, ifO<u<t
ufUa)lpl = JT-lgl Y
CT,(u)|¢| otherwise

which implies that there is a constant C > 0 such that for all u, r > 0

| fWa(t +u,¢) | 4 =Clidll5-

Assumption |

Similarly, using that f” < C(+ f)toget X! <C(u+ X,) for some C, we find
Vx,u>0

|Ua(t 4+ u,0¢)"1 S (X + X, HUa )| +2X,Uaw)|¢’| + Uz (w)6"])

= €[t + Xy + 20X, + XDUa@Wlg| + 20 + X)Ua 1@/ + Uawg| | E4)

2

As above, using Lemma E.1 and the boundedness of x — x~e™*, there is a constant C > 0

such that for all u, ¢ >0

|(Ua(t +u,0)p)" |, < C il

Putting all of this together, this shows that there is C > 0 independent of a such that for all
u,t>0:

Vo e X3, Ut +u,D)plly < C lll,.

Using Lemma 3.1, we then get [|Uq(t +u, t)Pllp o < C ll¢ll2 . Also, we found that XZA is in-
variant by U, (¢, s) forall t > s > 0.
We now look at V, by taking advantage of the above computations. For k € {0, 2}:

t+u

Il / Ua(t +u —r)(fgoo)drllx-

t

llp(@)l o

oo (oo — 1)

| £Vt 4w 08| S 18loa+
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Lemma E. 1

The integral term is bounded by I F* fooo Ua(r)(fgoo)drlx < oo leading to:

| £Vatt+u,08] S U@l + 1612,0).

We now look at the case of f(V,(t +u, t)¢)’, only the integral term requires additional analysis.
We have

(E.3)
|(Uat +1,7)(f200)) | S Tt +u—=r)(|f ool + 1(f800) ) + (t +u — 1)Uzt + 1 —r)| f8ool
<11fgoolloo + [ (f800) | o + (& + 1 =) || f&o0 I -

We can thus apply Lebesgue’s dominated convergence to differentiate under the integral to get:

t+u t+u

|If8x/Ua(t+u,r)(fgoo))llx=ll/faan(t+u,r)(fgoo))llx
t t

u

+ /fUa(r)I(fgoo)/ldr + /rfUa(V)(fgoo)dr =y O(1).
0

S /erUa(r)(fgoo)dr
0 X 0 X

X

Indeed, the only non-trivial inequality in the above expression comes from the first integral term,
the other where dealt with above. From Assumption 1, we have f(x)X,(x) <C €2€* for some
constant C > 0 and the rest follows from Lemma E.1. Similarly

t+u t+u

||a,%[Ua(z+u,r)(fgoo))||x=n / 20t +u, 1) (fgoo)) l x
t

t

€& | ¢ -
S /U&(V)|(fgoo)//|dr + f(r+Xr)Ua(r)|(fgm)/|dF +
0

0 X X

/ (7% + X, + 20X, + XDUa () (fgo)dr| =4 O(1).
0

X

This shows that there is a constant C > 0 independent of a such that for all #,u >0, V¢ € XZA 0

1f(Valt +u, )| 5.

(Vat +u,0¢)"| v < Clp@lloo + 91l2)

or
IVa(t 4+ u,0)¢ll, < Cllo@llos + I1#12] -
We conclude as for the case of U,.
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def
Lemma E.3. Let us consider v(h)(x) lef exp (— foh flx+ z)b(z)dz) dx)for0<h=<1,x>0

and ¢ € Xf. We assume that b is continuous on R, bounded such that Vz >0, b(z) > b > 0.
Then, v is differentiable at 0 in X.

Proof. Using Taylor formula with integral reminder, we find pointwise in x that for 4 >0

1
v(h) = v(0) + hi(0) + h / ((sh) — v(0)) ds
0

We write the last term 2 R (h). To prove the lemma, we have to show that || R(h)]|| x tends to O as
h — 0. We find:

1 o0
IR < / / dsdx | f b)) — f(x + shbshyu(sh) ().
00

integrable as ¢ € X?. We conclude the proof using Lebesgue’s dominated convergence theorem.

Hyp. |
The integrand is bounded by 2[|blleo f(x + DI ()| = 2[blleoC(f(x) + 1) (x)| which is

Proposition E.1. Grant Assumption 1. For all ¢ € XA, NVt > s > 0, the mapping a — U,(t, 5)¢
is C1 from CO([I, s]) into XzA and

[ fo+. —DbW)

d[Ua(t,S)¢]-b= ' mp (a(v))dv Ua(t,S)¢.

Additionally, grant Assumption 2, then the mapping a — V,(t,s)¢ is C' from CO([t, s]) into
X
2

Proof. We consider ¢ € XZA and a — U, (¢, 5)¢, the case of V, (¢, s) is similar. Recall from (14)
that we write a(t) = oo + p(a(t)). The mapping a — @ being C! from CO([z, s]) into itself,
it is enough to prove the differentiability of F : a — exp (— fst fwo+-— t)a(v)dv) T,(t —s)p

. . d . . .
from CO([z, s]) into XZA at any point a such that a =) mina > 0. We thus consider such a point

ae CO([s, t]). Itis convenient to define the following functions A, ¢ dof F(a+b)—F(a)—dF(a)-
b=& T, (t —s)¢p where

dF(@) - b ™ e Xs@x, BT, (1 — 5), &Y e Xisl@+d) _ o= Xis@) 4 o=Xes@ ) (p)

and X; (a) aef X — f; f(—+x —1t)a(v)dv. Using the Taylor formula with integral reminder,
one finds Vb € Bco (0, 8) where § < a/2 (see below)
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1
&g =e Xsl@thx, (b)? f M Xes® ydy.

5

0

By Assumption 1, there is a constant C > 0 such that for all u > 0, X _,(1)’, Xo,—,(1)" <
C(u + Xo,—,(1)). Hence, using the monotony properties of f, we find that for k € {0, 1, 2}

k —(a— )
EX1 < (X5 (1), — 5,8, @)e™ @Kot Dyp 2, - as. (E.5)

for polynomials P (-, t — 5,8, a) € Riy2[X] with positive coefficients. Differentiating A; 5, we
find

(Ars) =& Tr(t — )¢+ & 5T, (t — 5)¢’
(At,s)” = g[/,/sTr (t—s)p+ th/,sTr (t— S)d’/ + gt,sTr (t— S)d’”‘

Let us have a look at || F(Arg) || ¥ for example. We find

(FEONN =

—25

FPAKosm (Dt =5.8.0U_L (1= 5)Ig] HX 16120+

HfPo(Xo,s—z(l), t—s8,aU 1 (t— $)1e’|

—25

2
e ||b||co([x’t])-

Assump. |
From Xo —,(1) < e“*, we use Lemma E.2 in the case § < a/2 to show that || F(Arg) “X <

loll» ||b||%0([s’l]). The other cases are similar, it yields:

Vo € X,

| Ars @], S 10112 16110 -

The fact that dF(a) is a continuous linear mapping is straightforward and thus we obtain that F
is differentiable at a. This shows that a — U, (¢, s)¢ is C! from C%([s, r]) into XZA.
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